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O ABSTRACT 0O

In this paper, Herimte approximations with two collocation points are used for the
numerical simulation of stochastic of differential equations (SDE), and continuous wiener
processes are computed by computer discrete simulations. The mean-square stability was
studied by applying the proposed technique with the Wiener process on a test stochastic
differential equation.

The study shows that the proposed method is mean-square stability, strongly convergent
from order third and locates large stability regions of method at the real plane.

Moreover, the scheme is tested on three problems to illustrate the applicability and
efficiency of the purposed technique. Comparisons of our results with others methods, it
reveals that our method is better than others.
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Clear[W,dW,dt,n,T];

n=2"8; T=1.0;

dt=(T)/(n);

WI0]=0;

dWI[1]=Sqgrt[dt]*RandomReal[{-1,1}];
W[1]=WI[0]+dWI[1];

For[i=2,i<=n, dWI[i]=Sqrt[dt]*RandomReal[{-1,1}];
WI[i]=W[i-1]+dWIi];

i++]

ListPlot[ Table[{i dt,W[i]}{i,0,n}],Joined->True,Mesh->All, PlotLabel->""Wiener process"]
Wien = Table[W[i], {i, 0, n}]

{Mean[Wien], Median[Wien] ,Variance[Wien]}
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Alptiall il cpls Atlptall oil) Jagus Aolptall oil) Jaussie
Variance[W;] Median [Wj] Mean[W;]
0.00561471 0.0181193 0.00616789
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7

20

— L — 5 [} kL

. Adllaa)) dikaial (29 0 = 0.999 JaY da jihal) A8y plall ey sal) Jaes giay f i) Akl :(5)JSi)

Error Estimation for Method 4 lll Uail) .8

-

tlal 3oath Cumy C il aag 13 P g5l Aipa (e (568 )l el ) A Aiph e J& :[6] (4)edpas
E|X,—X(7)[<C h?

LS yia Hlaiesshall Jol h>0 sz =nhe[0,T] 4uie ddais i JaY
O s (5) AUl el e i s Hi(t) ofs X(1) € CA[0, T] of saar—io
Lasl) dipa e Joans [0, T] Jladd) led vie Joalal bzl Lash Y San [ H ()= X(t,) ]
VS (13) dashaiall (o da sl dphall s sall alaiall

Ek=|: X (tyr) }_A_B[ X(t,) }_hA_l_[X:(tkm)}: 7—12h4(2a—1)f<4>(tk)

h X'(t,,.) h X'(t,) X'(t,s) 0

(21)
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LN L @€ (01) 5(15)(14) lisiamal) o B, A Cua

2ped Zisadl Aagiall Al et A5l e K shall vie adasal) Ladll o (21) BB e Badl
AT gkt 1 3es [0,T] ol e il i Jald) el s 5 sy
Error = n.0(h) = %O(h“) = o(h*)

A A5l (pe Apyliie )5S A il Ayl o (4)cappail) Casay i 124000
Numerical Simulation :dddasd| 3Ll

led edilptial) Alalinll Alabaall 8 L) o 3la DU Jad Loty da jiall Aiglall 3 lad il 2
aabe b Algladl (55831 3k (any ae Lgiiilie A (e Aipplall dpael) 80l eun i Caags ¢ Agllas Jla
-Mathematicall dsweyl) 45l alasials 4slhall malull dac) 5 WS ¢[3,4,7] dibias

Ay Aphall e ddsdal) bl Ablad) ) Ulial 8 sl [7]:1 Al
dX (t) = —(a+b*X (t)) (a+ b X (t))dt + 22X (t) dW (1)
) yill sty te[0,1] Ja¥

plall Jall Gl clidga ol b, @ of dua
1+ X,)exp(—2at+2b W(t))+ X, -1
1+ X,)exp(—2at+2b W(t))— X, +1
n=2° Jaf e d[0,1] Jlaall 3 Abaiiall yiyg dilac 31Slaes <b=0.0001, @=0.0002 g s: illusall Js
At=1/64 e 55hay s Llaal cpliilly Jansglly Jasgiall (3)Jshand) 3 zon L (6) SN & Ll ausyiy
e A3)aally gy plal dallaal) ¢ UadY) langing sl Jall ae a3hal) Jall il (6)=(4)Jshaall b aa
L7] gl b Ofiende dipla (e Alaad) 52l 3slaal) diyyla il
A i) iylal  a5hal Jall b ddllaall ¢ Uadly ) Jally oadltll Jad) (8)—(7) Sl b avys

X (t) =
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Wiener Process Wi

(=]
i

AR N=64 Ja¥ [0,1] (el Jamall (b Al gliall sy g Dlas BlSlaa 2(6) S

dt=1/64 &xia} 3 shi g N=64 alxiiuly (6)JSA A 32 gal) Liyg dles ¢ Uauy asd 1(3)J s2adl

Dy e (pl (Dbl il V) s pl Lo 1) Syl gl
Variance[W;] Standard Deviation [W;] Median[W;] Mean[W;]
0.0224684 0.149895 0.00904949 0.00466808

Splin Selution and Exact Selution

_loess |

~lEess |

_leean

_loed

_loe |

=]
ka
=]
b
=]

»
=]
—
=]

Akl n=64 Ja¥ [0,1] Juaall (b 1Alaall Aol Jad) aa (adl ) Jad) 2(7)Jsl
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Error Spline Solufion
"’

5= 1p-310

4g = 1010

46 = 1p-1°

44 =10-10

42 = 10-10

4. 10-10

N=64 Ja¥ 1adlaall Akl pad) Jal) B alhaal) Uadl) ;(8)JSd)

h=2" §skai; [7]5.2a)s) 3shil) 4k aa 4;Ually iy oy 1000ual) (o qilis s 140 gand)

. Glladl Uaal) Gl aal)
t Sl da) [7]EMM 48 jlay Kk L) jha
0.0625 | -2.0000277443848202 | 3.12414317 E-9 |-2.000027748117871| 1.89988 E-9
0.125 | -1.9999360890728353 | 2.08835040E-8 |-1.999936093174005| 1.78823 E-9
0.1875 | -1.999836029094669 | 1.91806975E-8 |-1.999836033372113| 1.58081 E-9
0.25 | -1.9997877038463776 | 1.61285976E—8 |-1.999787707274145| 1.63232 E-9
0.3125 | -1.0998146998330404 | 3.61796346E-8 |-1.999814703043492| 1.75441 E-9
0.375 | -1.9998373083295766 | 3.52270857E-8 |-1.999837311519675| 1.59069 E—9
0.4375 | -1.999815684271836 | 3.27442917E-8 |-1.999815687484390 | 1.5872 E-9

05 | -1.9997567692409932 | 5.20227794E-8 |-1.999756772796070 | 1.84285 E-9
0.5625 | -1.0996748418929904 | 4.85903735E-8 |-1.999674845807020| 2.11307 E-9
0.625 | -1.9996469660592429 | 4.50562045E—8 |-1.099646969307648 | 2.13207 E-9

h=2" 5ghaiy [7]321s 3skail) 4y b pa &3 \hally Uity yhay 1400sal) Ja il aji50 saall

; il o JEAT uns\ i o o du:,,x\ Ll
[7]EMM 4% ks Uiy yhay
0.0625 | -1.999866404884171 | 3.12414317 E-9 | -1.999866405789353 | 4.525909 E—10
0.125 | -1.999875734439753 | 2.08835040E—8 | -1.999875735227204 | 3.937254 E-10
0.1875 | -1.999838385221519 | 1.91806975E—8 | -1.999838386172683 | 4.7558201 E—10
0.25 | -1.999870883003815 | 1.61285976E—8 | -1.99987088383294 | 4.1456305 E—10
0.3125 | -1.999903715690158 | 3.61796346E—8 | -1.999903716518853 | 4.1434744 E—-10
0.375 | -1.999892596861987 | 3.52270857E—8 | -1.999892597667925 | 4.0296899 E—10
0.4375 | -1.999876778963509 | 3.27442917E—8 | -1.999876779965255 | 5.0087312 E—10
05 -1.99984219454080 | 5.20227794E—8 | -1.999842195387662 | 4.2342129 E-10
0.5625 | -1.999680807225948 | 4.85903735E—8 | -1.999680808180111 | 4.7708137 E-10
0.625 | -1.999628108937668 | 4.50562045E—8 | -1.99962810980079 | 4.3156145 E-10
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[7] 3asls) sohadd) 48 hag Lithy pha ¢y LAMal) Ja A Ailhaal) ¢ Usd) Jauigia 45lia 16 gand)

A& ylay (alladl) Undl) Jas gia . s .
H [7] saal sl 5 sl Lisy yhay (3laal) Uadld) Jass gia
2" 2.27371783E-08 1.68767342897 E-09
2° 2.27371783E-08 9.43567657812 E-10
2° 1.68052428E-08 4.78960898798 E—10
2’ 8.34318274E-09 1.32445367609 E-10
2° 2.84343511E-09 7.09878657451 E-11
27 1.43084080E—09 4.65489221975 E-11

VIS [3] Sl A (35 A S Apdadll yue Al Liillise 32180 3 2 A0Lial)

dX (t) = [é X () +5X Y3 (D)]dt+ X () dw (t) , 0<t <1,

X(0)=1
slail) Jadl Alisall o2a @l
1
X (t) =[1+t+gW(t)]5

iy cpaal) A8 Sledly cljlad) JaY n=27,2%,,2% dihia A5 Ll aladiuly Alled) o3 Jas
Louaslly Jamsgiall (7))l b cmnds «[0,1] Jlaal) & Alainall n=2% Jal e g dlee jlse (9)JS2N
il pal) Jans giay Aallaall ¢ UadY) clijlie (8)Jsandl 8 72 Al sial) Gileall o3g] (g)limall CalpaiVls bl
Gl Jally ashall Jall (10)JSE) & any [3]oilanall (yiivlias clelyle Jlsl i yhals da jisal) 4kl
N=128 Ja¥ LSl Jolall (e 22al s giall Zagylally dnae 380ae (11) 0l & ausyis (n=256 JaY
N=128 Ja¥ daSljie Lllas Jola (12) S 8 ausyig LS

Wiener Broczsz Wi

0.1F

Ak n=256 Ja¥ [0,1] (el Jlaall 8 43 pdal) [l g dsbes il 3(9)JSd)

c(9)Jsal) (A Aaguyall Sy dslas slaug o (7)Jgaad)

Dhg ad opl @bl Calal g aiil Jasual) BUPENCR W
Variance[W;] Standard Deviation [Wj] Median[W;] Mean[W;]
0.0975849 0.0894742 0.0945085 0.00893186
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[3] cuilanall alag Lalysle gl (8 sk g Uitk pha ¢y 2400uiall A il pal) Jaugiag Adllaal) ¢ Uadl) il jlia 8 gand)

N | [3] daeadl opiinle 435k | [B]dand) Libyle i 485k |  ds yia) Ly yh
2’ 8.26 E-02 1.80 E-01 2.243905 E-05
210 2.04E-02 7.01 E-02 8.126849 E-06
21! 5.30 E-03 2.98 E-02 4.984261 E-06
21? 1.30 E-03 1.40 E-02 1.000234 E-06
2B 3.34E-04 6.80 E-03 6.124567 E-07

Splin Solution and Exact Solution

0.2 0.4 0.6 0.8 1.0

Ak =256 Ja¥ [0,1] ¢rhasl Jlaall b 24dlaall lail) aa (2 pil) Jad) 3 (10)Jsd)

Our Spline Solutions
351

o5 ¢
b0k

150

5¢

- e
0.2 0.4 0.6 0.8 1.0

||||!!!!!!!!!!!!§!¢5

Akti n=128 Ja¥ [0,1] a3l Jlaall b LaS) ia dpadl i J glag 240lcal) J BlSLaa 1(11)JS)
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Exact Solution

0.2 0.4 0.6 0.8 1.0
Ak N=128 Ja¥ [0,1] (el Jlall (b 240lusall das) e dlilas Jgla :(12)J8d)

1 YIS [4] Akl Al altal) 22l 3 340 ial)
dX (1) = aX (t) dt + X () dW () , 0<t < T,
X (0) =1
adl Jall o
X (t) = X (0) Exp[(a—%bz)t +bW (t)]

(9)dsaad) o8 zons Agaaall A8A Hlely n=12°2°,..,2° dabida d55a5 dali plasiuly Al s a3
Lk ([4]SS O diphy da sl duaiy 3l Asphll oy lagyal bogiey 48l ¢ Laal) culsjlie
N=256 JaY Ggdall Jally il Jall (13)JSal 8 aasis [4]DSS O M ik ([4]SSAMM

[4] Gkl e ds gana g Ly sk (p FAdlacall cilay yal) Jaus giay Ailhaal) ¢UaAY) il i 19 gaad)

SSO sk SSAMM 2s 5k DSSOM 4,k G (e
H s i) Lyl

[4] [4] [4]
2° 7.03 E-03 1.40 E-03 3.50 E-04 8.26396 E-05
2° 3.11 E-03 6.60 E-03 8.02 E-05 9.35684 E-06
27 1.55 E-03 3.20 E-03 1.83 E-05 2.97258 E-06
2° 7.40 E-04 1.60 E-03 4.58 E-06 7.63351 E-07
27 3.64 E-04 8.00 E-04 1.23 E-06 3.124567 E-07
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Spline Solution and Exact Solution
1.0
0.9
0.8
0.7
0.6
0.2 0.4 0.6 0.8 1.0

Ak N=256 Ja¥ [0,1] a3l Jaaall (b 3alluaall (3841 Jad) ga () s Jad £(13) s

tGluagilly Glalitiuy)

3lSlaal da piaall daaal) dagylall ae lgwlasiind g dilplall yug Aliaal Joadio 31SLaa Luhall 138 8 Lot
il aladinly 460 oLl o5 Akall e s Adadl) Ab)all loalill cValadll (o g 3laill and Jslal
Cayelal a8y cxant il ao gV Aial (e LeiliiGiay o spisall Jlsall oliad) €' pLimill 8 Cupaia
an ) Ly 5yasall = 3lall Llasll Jal) agdis 6 ds el daglall - Las (13)=(6)JSiY 1y e gas)l
Ayl e A8y ST culS Aa il Aaphll G () (8)—(4) Jslandl & clylaalls milall i Gllagy ¢ s
DSSOM SSAMM (SS@ 3-ibhs [3loilanall ilias alyle 350 sk ([7] 52als)l 55l
[4]

1Y) Allisall Jad Addae At 43y,lll Mathematicall dal aladiuly galid)

Clear[f, X, x, T, W, t, cl, c, r,n, Spl, z, a, b, cc, dW];

n=2"8; T =10;dt=(T)/(n); h=dt; W[0] = 0;

dWI[1] = Sqrt[dt]*RandomReal[{-1, 1}];

WI[1] = W[0] + dWI[1];

For[i = 2, i <=n, dWI[i] = Sgrt[dt]*RandomReal[{-1, 1}];

WIi] = WIi - 1] + dWI[i]; i++]

T =1.0; dt = (T)/(n; X0 = -2.0;

X[0] = X0; elfa = 0.0002; bet = 0.0001;

For[i=1,i<=n, X[i] = (1 + X0) Exp[-2 i *dt*elfa + 2 bet*WT[i]] +
X0 - 1)/((1 + X0) Exp[-2 i *dt*elfa + 2 bet*W[i]] - X0 + 1);

i++]

ListPlot[Table[{i dt, W[i]}, {i, 0, n}], Joined -> True, Mesh -> All,

PlotLabel -> "Wiener Process Wi", PlotStyle -> {Purple, PointSize[0.015]}]

c[1] =-0.1; c[2] = 0.3; sO = X0;

s1 = -(elfa + bet"2 s0)*(1 - s0"2) + bet*(1 - sO”2)*(WT[r] - W[r - 1])/dt;

sl = dt*sl;

cl =0.49;

z[1] =cl; z[2] = 1; zz[1] = 1 - c1; zz[2] = O;

Off[LinearSolve::luc];

For[r=1,r<=n, itr=1;c[1] =-0.1; c[2] =0.3;

While[itr <7,
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For[i=1,i<=2,i++
x = z[i]*dt;
t=x+dt*(r - 1);
spX = zz[i]*2*(1 + 2*2[i])*s0 + z[i]*zz[i]"2*s1 + z[i]"2*(1 + 2*zz[i])*c[1] - z[i]*2*zz[i]*h*c[2];
spX1 = (-6*zz[i] + 6*zz[i]*zz[i])*s0/h + (3*zz[i]"2 - 2*zz[i])* s1/h +
(6*z[i] - 6*z[i]*z[i])*c[1])/h + (3*z[i]"2 - 2*z[i])*h*c[2]/h;
f[i] = -(spX1 + (elfa + bet"2 spX) (1 - spX”2) - bet (1 - spX”2) (W[r] - W]r - 1])/dt);
jafi, 1] = (6*z[i] - 6*z[i]*z[i])/h - 2*spX (elfa + bet"2 spX) z[i]1"2*(1 + 2*zz[i]) +
bet"2 (1 - spX"2)*z[i]"2*(1 + 2*zz[i]) + 2*bet (z[i]*2*(1 + 2*zz[i])*spX) (W[r] - WIr - 1])/dt;
jafi, 2] = (3*z[i]"2 - 2*z[i])/h -2*spX (elfa + bet"2 spX)*(-z[i]*2*zz[i]) +
bet"2 (1 - spX"2)*(-z[i]"2*zz[i]) + 2*bet (-z[i]*2*zz[i])*spX (W[r] - W[r - 1])/dt;

I;
cc = LinearSolve[{ {ja[1, 1], ja[1, 2]}, {ja[2, 1], ja[2, 21} }, {f[1]. f[21}];
c[1] = c[1] + cc[[1]]; c[2] = c[2] + cc[[2]];
itr++];
X = z[2]*dt; i = 2;
pl[r] = zz[i]"2*(1 + 2*Z[i])*s0 + z[i]*zz[i]"2*s1 + z[i]*2*(1 + 2*zz[i])*c[1] - z[i]"2*zz[i]*h*c[2];
spll[r] = (-6*zz[i] + 6*zz[i]*zz[i])*s0/h + (3*zz[i]"2 - 2*zz[i])*
sl/h + (6*z[i] - 6*z[i]*z[i])*c[1]/h + (3*Z[i]"2 - 2*Z[i])*h* c[2]/h;

t=x+dt*(r - 1); sO = X[r];

s1 = -(elfa + bet"2 s0)*(1 - s0/2) + bet*(1 - s0"2)*(WIr] - W[r - 1])/dt; s1 = (X[r + 1] - X[r])/(h);
s1 = dt *s1;

r++]
spl[0] = XO;
AproxSp = ListPlot[Table[{i dt, spl[i]}, {i, 0, n}], Joined -> True,

Mesh -> All, PlotMarkers -> {"*"}, PlotLabel -> "Spline Solution "]
Exact = ListPlot[Table[{i dt, X[i]}, {i, O, n}], Joined -> True, Mesh -> All, PlotMarkers -> {"0"},

PlotStyle -> {Black, PointSize[.01]}, PlotLabel -> "Exact Solution"]
Show[AproxSp, Exact, PlotLabel -> "Splin Solution and Exact Solution™]
For[r =0, r <n, t =dt*r; Print["t", r, "=",t," ***Error= ", err[r] = Abs[0.5 (spl[r] - X[r]],

"oSp(t,t, "M)=", splfr], " Exact Xt=", X[r]], r++]
ListPlot[Table[{i dt, err[i]}, {i, O, n}], Joined -> True, Mesh -> All, PlotMarkers -> {"O"},
PlotStyle -> {Black, PointSize[.02]}, PlotLabel -> "Error Spline Solution"]
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